Abstract. In this paper, some new fixed point theorems for semi-closed 1-setcontractive operators of functional type are obtained, which generalize the famous Petryshyn's theorem and Altman's theorem by replacing the norm with some classes of functionals.
INTRODUCTION AND PRELIMINARIES
Topological degree theory is an important tool in studying nonlinear functional analysis. It can be used to estimate the number of solutions of an equation and is closely connected to the existence of fixed points of nonlinear operators. It has applications in many other problems, such as complementarity problems, differential equations, differential inclusions, and so on ( [1] [2] [3] ).
On the other hand, Li first introduced the concept of semi-closed 1-set-contractive mappings ( [4] ). The class of 1-set-contractive operators is a wide class of operators that includes completely continuous operators, strict set-contractive operators, condensing operators, non-expansive maps, semi-contractive maps, LANE maps and others ( [5] ). For the relevant literatures on 1-set-contractive operators and its generalizations, please refer to [6] [7] [8] [9] [10] [11] [12] [13] [14] .
In this paper, some new fixed point theorems for semi-closed 1-set-contractive operators of functional type are obtained, which generalize the famous Petryshyn's theorem and Altman's theorem by replacing the norm with some classes of functionals. Our results remain valid for many classes of operators mentioned above.
We will now give some preliminaries that will be used in the sequel.
Let E be a real Banach space with norm · , Ω be a nonempty bounded open subset of E and P be a cone in E. Denote by Ω and ∂Ω the closure and boundary of Ω in E, respectively, and θ the zero element of E. Now we state the well-known Petryshyn's theorem and Altman's theorem as follows. 
Then deg(I − A, Ω, θ) = 1, that is, A has at least one fixed point in Ω.
Definition 1.1. ([4]
). Let A : Ω → E be a 1-set-contractive operator. Then A is said to be a semi-closed 1-set-contractive operator, if I − A is a closed operator. 
Definition 1.2. ([9]). ρ : P → R is said to be a convex functional if ρ(tx
+ (1 − t)y) ≤ tρ(x) + (1 − t)ρ(y) for all x, y ∈ P and t ∈ [0, 1] .
It is obvious that the Property (A) is equivalent to the following one: ρ(tx) > ρ(x)
for all x = θ and t ∈ (1, +∞).
It is easy to see that if ρ(x) = ||x||, then ρ is a convex functional, and in this case,
, ρ is also a sub-linear functional. Furthermore, ρ satisfies the Property (A) .
MAIN RESULTS

Theorem 2.1. Let P be a cone in a real Banach space E, Ω be a bounded open
subset of E with θ ∈ Ω, A : P ∩ Ω → P be a semi-closed 1-set-contractive operator, and ρ : E → [0, +∞) be a continuous functional satisfying the Property (A). Suppose that there exist α ≥ 0, λ ≥ 1 and μ ≥ 1, such that for all x ∈ P ∩ ∂Ω, the following holds
Proof. Without loss of generality, suppose that Ax = μx(μ ≥ 1) has no solution on P ∩ ∂Ω (otherwise, the conclusion holds).
Then it is easy to see that
Note that t 0 = 0 (otherwise, Ax 0 = μx 0 , which is in contradiction to our assumption), and t 0 = 1
where t 0 ∈ (0, 1).
Since ρ satisfies the Property (A), for t 0 ∈ (0, 1), we obtain
which contradicts with (H 1 ). Thus by the homotopy invariance property of the fixed point index, we have
By the solution property of the fixed point index, we obtain that Ax = μx(μ ≥ 1) has a solution in P ∩ Ω. This completes the proof.
Remark 2.1. Theorem 2.1 generalizes the famous Petryshyn's theorem.
Remark 2.2. The conclusion of Theorem 2.1 still holds if we assume that ρ is a convex or sub-linear functional, while the other conditions remain the same.
Lemma 2.1. The following inequality holds
Proof. Consider the function defined by λ > 1 (or α > 1, λ ≥ 1 ) and μ ≥ 1, such that for all x ∈ P ∩ ∂Ω, the following holds
, and t 0 = 1 (otherwise, Ax 0 = μx 0 , which is in contradiction to our assumption). Hence μx 0 = t 0 Ax 0 , where t 0 ∈ (0, 1). By the sub-linearity of ρ, we have
This contradicts with Lemma 2.1. Thus by the homotopy invariance property of the fixed point index, we have
By the solution property of the fixed point index, we obtain that Ax = μx(μ ≥ 1) has a solution in P ∩ Ω. This completes the proof. In [14] , Sun and Zhang gave a fixed point theorem about cone expansion and compression of concave functional type. The following result presents a new theorem about concave functional which extends and complements the previous results. Then Ax = μx(μ ≥ 1) has a solution in P ∩ Ω.
Proof. We can easily prove the theorem by using Theorem 2.1 and Lemma 2.2.
